A numerical investigation of laser wavelength dependence on the threshold intensity of spark ignition in molecular hydrogen over a wide pressure range is presented. A modified electron cascade model (Gamal et al., 1993) is applied under the experimental conditions that carried out by Phuoc (2000) to determine the threshold intensity dependence on gas pressure for spark ignition in hydrogen combustion using two laser wavelengths namely; 1064 nm and 532 nm. The model involves the solution of the time dependent Boltzmann equation for the electron energy distribution function (EEDF) and a set of rate equations that describe the change of the formed excited molecules population. The model takes into account most of the physical processes that expected to occur in the interaction region. The results showed good agreement between the calculated thresholds for spark ignition and those measured ones for both wavelengths, where the threshold intensities corresponding to the short wavelength (532 nm) are found to be higher than those calculated for the longer one (1064 nm). This result indicates the depletion of the high density of low energy electrons generated through multi-photon ionization at the short wavelength via electron diffusion and vibrational excitation. The study of the EEDF and its parameters (viz, the temporal evolution of: the electron density, ionization rate electron mean energy…) revealed the important role played by each physical process to the spark ignition as a function of both laser wavelength and gas pressure. More over the study of the time variation of the EEDF explains the characteristics of the ignited spark at the two wavelengths for the tested pressure values.
Introduction
Several fundamental analytical methods as well as experimental studies have been initiated to elucidate the interactions associated with the phenomenon of laser spark ignition in a suitable gas. The generated high electron density could continue to absorb energy from the focused laser beam developing eventually what is called laser sustain plasma.
It is of critical importance to determine the laser conditions at which a spark is produced. A knowledge of these conditions is practically important not only for fundamentally understanding the ignition process, but also for the selection of lasers optics windows and beam delivery system for the design of practical laser to be used in the measurement for studying the laser spark ignition.
Although a considerable bodies of study on laser induced breakdown in gases have been reported (see for example [1] [2] [3] [4] [5] [6] [7] [8] ), the breakdown phenomenon of common combustion gases such as hydrogen has not been available. Because of the importance of such phenomenon, in various applications it attracted the attention of many researchers, in particular the mechanism that convert the laser energy to thrust energy or mechanical energy that could be approached via high power laser produced plasma (LPP) in a gas breakdown process [9] [10] [11] [12] [13] .
Due to the high efficiency of the molecular hydrogen gas to convert the laser energy into thermal energy, researchers were interested to study this phenomenon in this gas owing to its importance as a thrust gas in rockets or space vehicles. Initially this phenomenon was studied using a CO 2 laser radiation [14, 15] , later on studies are followed to measure the laser threshold intensity for plasma formation in this gas using lasers that operating with wavelengths in the UV, visible and IR regions over a wide range of the gas pressure. Among these studies, that carried out by [6, 16] during their study of antiStokes Raman scattering using two different focal length lenses to focus a 248 nm KrF laser beam into molecular hydrogen gas at a wide pressure range. They observed an optical breakdown at the beam waist of the focused pump beam which is found to be a major limiting factor when one attempts to increase the pump intensity. These measurements are investigated by [17] . In an another attempt in [5] , Phuoc (2000) measured the threshold intensity of molecular hydrogen laser spark ignition using the fundamental and second harmonic of a Nd:Yag laser source at wavelengths 1064 nm and 532 nm respectively with pulse length 5.5 ns, over a gas pressure range extended from 150 torr to 3000 torr. This measurement showed that the threshold intensities corresponding to the shorter wavelength lie above those obtained for the longer one over the gas pressure range tested experimentally. This was attributed to the effect of the high rate of diffusion losses at the shorter laser wavelength. To find out the origin of this high threshold intensities corresponding to the shorter laser wavelength (532 nm), in this work we represents a numerical investigation of the measurements given in this experiment [5] . In doing so, a modified numerical electron cascade model [17, 18] previously developed by [19] is applied to clarify the physical processes responsible for the laser spark ignition in molecular hydrogen as a function of both laser wavelength gas pressure. This model based on the solution of the time dependant Boltzmann equation for the Electron Energy Distribution Function (EEDF) together with a set of rate equations describing the rate of change of the excited states population formed through the interaction. The modified model takes into account the possible physical processes that might take place during the interaction to suit the molecular structure of the hydrogen gas among them rotational and vibrational excitation, diffusion losses, attachment, dissociation and recombination. In this model the effect of vibrational excitation is treated over two electron energy regimes; at the low electrons energy range (<3.0 eV) this process is taken as a loss term in the equation that represent the rate of electron energy gain from the laser field. For the higher energy electrons (>3.0 eV) however, the effect of this process is introduced in this equation as loss process in the inelastic collision terms. For realistic computational results this model takes into account the exact correlation between the electron energy and cross-sections or rate coefficients of each of the physical processes encountered in this analysis. The results of computations deter-mined the threshold intensities as a function of the gas pressure the physical processes responsible for spark ignition and plasma formation are assigned through the study of the electron energy distribution function and its parameters.
Theoretical Formulation

Basic Equation
A detailed description of the model is given in [18, 19] . Here we summarize only the outlines of the model where the electrons gain energy from the laser field through inverse Bremsstrahlung absorption, while their initial generation proceeds via multi-photon ionization process and grows during collisional ionization of ground state as well as photo-ionization and collisional ionization of the formed excited states.
In our computations the hydrogen molecule is treated as four level molecule which consists of: a ground state, two electronics excited states; the u : state at 8.85 eV, and the , to vibrational and rotational levels respectively.
In this equation, the first term on the right-hand side represents the rate of electrons loss from the radiated volume due to diffusion. Here, we shall follow the custom to rewriting this by setting f f    , where Λ is the characteristic diffusion length. This length characterizes the distance over which a particle should diffuse in order to be lost from the plasma. Following standard optical focal theory, the minimum focal volume is assumed to be cylindrical [20] , where fl is the focal length of the lens, d is the diameter of the unfocused laser beam and α the corresponding beam divergence [21] . The second term expresses the electron energy gain; the third term is referred to diffusion of electrons along the energy axis, while the last two terms describe the elastic collision energy loss by electrons through vibrational and rotational excitation respectively. The inelastic collisional terms include generation of electrons with energy
 through ionization of ground and excited molecules as well as molecular excitation by electron impact. It also comprises the loss terms due to vibration excitation, molecular dissociation besides the electron loss processes through electron recombination. Under the experimental conditions considered in this analysis [5] , superelastic collisions from the electronically and vibrationally excited states, as well as radiative recombination of the hydrogen molecule are neglected. Dissociative attachment from the vibrationally excited molecules is also ignored. This process mainly depends on the high energy range of the vibrational states [15] , which are not considered in our calculation.
Cross Sections and Rate Coefficients
Empirical formulae for collisional cross sections are obtained using curve-fitting technique for the most recent experimental data published in literature by [22] .
Cross Section for Momentum Transfer
The momentum transfer cross section was obtained as a function of the electron energy  , using a least-squares fit for experimentally measured values given by [23] and is represented by 
Vibrational Cross Sections
In general, vibrational losses in hydrogen represent an important energy sink for electrons which cover a wide range of electron energies (1 eV < ε < 11 eV). Here, these losses are considered as being due to elastic collisions for electron energies ε < 3 eV, and as being due to inelastic collisions for electron energies in the range 3 eV < ε < 11 eV. Corresponding expressions for cross sections based on curve-fitting of experimental data given by [24, 25] for the low and high energy ranges respectively are: 
Cross Sections for Electronic Excitation
The obtained formulae for cross sections of the two excited electronic states considered here are represented by [22]         
Ionization Cross Section of Ground State Molecules
The expression for the ionization cross section was derived from experimental measurements carried out by [26] , and is given by: 
2.2.5. Stepwise Collisional Ionization Rate Coefficients Owing to lack of experimental data, rate coefficients for collisional ionization of the two electronic excited states are obtained using an analytical formula given by [27] as: 
  
Photo-Ionization Coefficients of the Excited States
Here, the characteristic diffusion length Λ is considered to be energy independent. Adopting the experimenttal conditions considered in this analysis [5] , where the beam mode of the laser pulse is taken to be close to Gaussian, so that the near focus may approximately be expressed in a cylindrical shape of radius r 0 and length l 0 . Thus the characteristic diffusion length is written as,
The photo-ionization coefficients of the excited states are estimated using a formula given by [28] as:
where  is the photo-absorption cross section of a molecule,  is the frequency of the laser light and K is the number of photons absorbed by an excited molecule leading to its ionization 
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. Table 1 shows the calculated values of the multi-photon absorption coefficient for the two wavelengths together with the excitation energies, the number of absorbed photons and the residual energy carried out by the free electron.
Rotational Excitation Cross Section
As a function of the electron energy, the cross section for rotational excitations of the ground state molecule can be represented by the following expression, which is based on the experimental results of [23, 25] : 
Dissociation Cross Section of the Electronically Excited Molecules
The expression of the dissociation cross section is obtained from the experimental data of [29] as: 18 2 0.0014 10 0.0
Recombination Rate Constant
The three body recombination rate constant as a function of the electron energy is taking from a relation given by [30] as: 27 
6
cm sec
Electron Diffusion Rate
In this work the rate of diffusion losses is defined as:
Method of Calculation
Equation (1) is solved numerically using a step-by-step integration method. The energy step-length ɛ is chosen so that the complete energy distribution could be represented by about 25 equally spaced steps. This covers and exceeds the first ionization energy threshold of the molecular hydrogen (15.43 eV). The derivatives f t and   2 2 f t   are evaluated using the finite difference technique. The inelastic collision terms (ionization and excitation as well as loss processes) could have been included as difference terms in Equation (1), but there are good reasons for treating them separately [19] . The temporal variation of the laser intensity in the focal volume is assumed to have a Gaussian distribution. The focal volume is determined using the geometric optics and is assumed to have a cylindrical shape. In these calculations the breakdown criteria is taken as the attainment of degree of fractional ionization   0.1% of the neutral gas molecules present in the focal volume.
Results and Discussion
The modified electron cascade model is applied to investigate the experimental measurements that carried out by [5] . This was done by calculating the threshold intensity required to produce spark ignition in molecular hydrogen combustion corresponding to the experimental conditions of Phuoc where a Nd:YAG laser source operating at its fundamental and second harmonic with wavelengths 1064 nm and 532 nm respectively of pulse duration 5.5 ns is used to produce plasma in molecular hydrogen over a wide range of the gas pressure. Figure 1 show the calculated threshold irradiance for plasma generation as a function of gas pressure at wavelengths 1064 nm (solid curve) and 532 nm (dashed curve). For an easy compari- n the measured thre (a) so lengths are also shown in this figure.
Reasonable agreement is obtained between the calculated and measured values for the two laser wavelengths with the thresholds obtained for the short wavelength 532 nm, lies above those obtained for the longer one 1064 nm. This result gives an evidence for the validity of the model to investigate the experimental measurements. This in turn encouraged us to carry out calculation of the EEDF to study the physical processes (responsible for spark ignition) dependence on the gas pressure for the two laser wavelengths. Figure 2 represents the EEDF calculated at the peak of the pulse 1) and at its end 2) for the two wavelengths 1064 nm (solid curves) and 532 nm (dashed curves), at three values of gas pressure namely; 150 torr (curve 1), 760 torr (curve 2) and 3000 torr (curve 3). These values are chosen deliberately since they are common in both laser wavelengths, and represent three different pressure regions.
From this figure it is noticed that the values of the calculated EEDF at the peak of the pulse are lower than those obtained at its end. Also a decrease of its values at 1.0 eV is observed only at higher pressures for the two considered wavelengths. This decrease reflects the effect of vibrational excitation with electrons having energies < 3.0 eV. Moreover the reduction of the EEDF at the low energy region indicates the high rate of inelastic collisional processes which acts to deplete electrons with high energies.
To study the physical process responsible for the so dually urce of the electron growth during the early stages of the laser pulse, Figure 3 represents the time evolution of the electron density obtained for the two laser wavelengths 1064 nm (a), 532 nm (b), at the gas pressures 150 torr (curve 1), 760 torr (curve 2) and 3000 torr (curve 3).
It is shown from this figure that for the longer wavength Figure 3 (a) the growth of electrons start gra le up to the peak of the pulse for the whole the range, then after it increases much faster for the high pressure (curve 3). While for the low pressure its value decreases below the critical value of breakdown. This behavior indicates that for λ = 1064 nm the evolution of electrons proceeds 3) for the shorter wavelength (532 nm). At the nger wavelength (Figure 4(a) ) however, the decrease of lectron mean h (λ = 532 nm), however, (Figure 3(b) ) this later rocess is acting over the whole pressure range. This is via collisional processes. Diffusion losses are effective only at the lower gas pressure region. At the shorter wavelengt p shown from the low electron density observed during both the early stages as well as the descending part of the laser pulse. This high diffusion loss rate may be responsible for the depletion of the high electron density generated via multi-photon ionization of the formed excited molecules. This result is confirmed in Figure 4 which illustrates the time variation of the excited molecules population during the laser pulse at the three selected pressure values for the wavelengths (a) 1064 nm and (b) 532 nm.
It is noticed here that the exhaustion of the excited molecules is more pronounced at the higher pressure value (curve lo the excited molecular density is less effective even at the higher pressure as represented by curve (3). In addition at the atmospheric pressure the ionization of excited molecules are negligibly depleted so they do not contribute pronouncedly to the plasma generation as shown by curve (2) for the two wavelengths. Figure 5 demonstrates the time variation of the electron mean energy calculated for the two laser wavelengths 1064 nm (a), 532 nm (b) at the three values of the gas pressure. This figure shows that the e en e for both wavelengths. It is noticed here that for ergy for both wavelengths almost show a flat top over the whole laser pulse. The high values observed at the low pressure for the 1064 nm (curve 1 in Figure 5(a) ) indicates the low ionization rate at this pressure. Moreover the fast drop shown at the end of the pulse reflects the high rate of the diffusion loss process. It is also noticed her that the values of the electron mean energy increases as the gas pressure decrease. This confirms the less contribution of the inelastic collisions at low pressures.
In Figure 6 the time evolution of the ionization rate is represented for the same conditions. From this figure it is clear that at the low pressure value the ionization rate coincid the shorter wavelength increasing the gas pressure result ibrational losses at this wavelength.
hown in this figure pr on energy ra (a) s in a slight decreases of the ionization rate. This gives an evidence for the high competition of the diffusion and v To assure this result, Figure 7 displays the calculated values of the time variation of the excitation rate at the considered gas pressure values for laser wavelengths 1064 nm (a), 532 nm (b). The study s oved that at the low pressure region the excitation rate takes almost a constant value over the whole pulse duration. At the longer wavelength, this rate showed a noticeable peak coincides with that of the laser pulse at the atmospheric pressure. As the pressure increases this peak moves towards the early stages of the laser pulse. The appearance of such peak indicates the high rate of collisional processes at this wavelength. For the shorter wavelength (dashed curves) however, this rate remains almost at the same value for the high pressure range.
To find out the characteristics of the formed spark under the tested experimental conditions Figures 8-10 show the contour representation of the time evolution of the electron density corresponding to explicit electr nge for the three values of gas pressures at the wavelengths (a) 1064 nm and (b) 532 nm. These figures examined precisely the time evolution and generation of the formed plasma as a function of both gas pressure and laser wavelength. It is clear from these figures that at low pressure ( Figure 8 ) the plasma is mainly generated around the peak of the laser pulse. This behavior designates that at this pressure electrons are mainly produced through photoionization processes. As the gas pressure increases the plasma gene on extends over a longer ayed by collisional procsses which are more effectives at high pressures. Morecascade model is applied to investigate the experimental measurements Phuoc (2000) [5] on hydrogen spark nm and 532 (a) rati period during the descending part of the laser pulse. This indicates the important role pl e over the size reduction of the formed plasma at the shorter wavelength shown in Figures 8, 9 and 10(b) gives an evidence for the high rate of energetic electron loss out of the focal volume through diffusion.
Conclusion
In the present work a modified electron that carried out by ignition using two laser wavelengths 1064 nm. In this experiment a Nd:YAG laser source operating at the two first harmonics with pulse duration 5.5 ns is used to produce spark ignition and combustion of molecular hydrogen over pressure range extended from 150 torr to 3000 torr. The calculations of the threshold intensity corresponding to the two laser wavelengths over the measured pressure range showed a reasonable agreement with the experimentally measured ones. This result confirmed the validity of the model, and in turn assured the es Moreover the calculation of the EEDF as well as the time evolution of the electron density, e a role played by low energy electrons through vibrational excitation and its competition with diffusion losses at the low pressure region for the wavelength 1064 nm and over the whole pressure range for the shorter wavelength 532 nm. The study of the time variation of the EEDF clarifies the exact period for spark ignition as well as its characteristics (size, electron density and temperature) as a function of both gas pressure and laser wavelength.
